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Review and Objective

• Bounded symmetric domain of type IV:

DIV = SO0(n, 2)�SO(n)× SO(2)

=
{
z = (z1, · · · , zn)t ∈ Cn

∣∣∣‖z‖2 < 1 and 1 + |ztz|2 − 2‖z‖2 > 0
}

has genus n.

• The group SO(n)× SO(2) acts on DIV by

(A, θ)z = eiθAz

where A ∈ SO(n),

(
cos θ sin θ
− sin θ cos θ

)
∈ SO(2) with θ ∈ lR and z ∈

DIV .
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• This action yields the continuous unitary representation of
SO(n)× SO(2) on H2

λ(DIV ) given by

(πλ(A, θ)f)(z) = f((A, θ)−1z),

∀(A, θ) ∈ SO(n)× SO(2), f ∈ H2
λ(DIV ), z ∈ D.

• For λ > n − 1, the C∗-algebras Tλ(ASO(n)×SO(2)) generated by
Toeplitz operators with SO(n) × SO(2)-invariant symbols are com-
mutative.
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Proposition 1

Let D = G�K be a bounded symmetric domain with genus p and H ≤ K
be closed. For every λ > p− 1, the algebras Tλ(AH) are commutative if
and only if

H2
λ(D) =

⊕
j∈J

Vj

decompose into inequivalent irrducible H-submodules. This
decomposition is called the isotypic decomposition.

When H = K, the corresponding Toeplitz operators Ta, a ∈ AK are
simultaneously diagonalizable. Ta :

⊕
j∈J Vj →

⊕
j∈J Vj

cj(Ta): spectrum of Ta.
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Let H ≤ SO(n)× SO(2).
• Moment Map Symbols or µH -symbol: a = f ◦ µH where µH is a

moment map for the H-action on DIV and f is any function such
that f ◦ µH ∈ L∞(DIV ).

• The set of µH -symbol: AµH .
• Corresponding C∗-algebras: Tλ(AµH ) for every λ > n− 1.

Objective: Find a subgroup H ≤ SO(n) × SO(2) such that Toeplitz
operators with µH -symbols generate commutative C∗-algebras for every
λ > n− 1.
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The Kähler form of DIV
Moment Map for the T-action

The Kähler form of DIV

• The bounded symmetric domain of type IV has a realization

DIV =
{
z = (z1, · · · , zn)t ∈ Cn

∣∣∣‖z‖2 < 1 and 1 + |ztz|2 − 2‖z‖2 > 0
}

• Bergman Kernel:

B(z, z) = (1− 2‖z‖2 + |ztz|2)−n := ∆(z)−n

where ∆(z) = 1− 2‖z‖2 + |ztz|2.
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The Kähler form of DIV
Moment Map for the T-action

Identifying Cn ∼= lR2n by

(z1, · · · , zn) 7→ (x1, · · · , xn, y1, · · · , yn)

where zj = xj + iyj ∈ C.

• DIV is an almost complex manifold with an almost complex structure
J .

• The kernel function B induces the Riemannian metric g that is J-
invariant, i.e.

g(J ·, J ·) = g(·, ·).

This implies that (DIV , J, g) is a Hermitian manifold and a Rieman-
nian metric g is referred to as a Hermitian metric.

• Associated to the Hermitian metric g, there is a non-degenerate closed
2-form ω given by

ω(·, ·) = g(J ·, ·)

and is compatible with J , i.e.

ω(J(·), J(·)) = ω(·, ·).
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Moment Map for the T-action

• The 2-form ω is called the Kähler form.
Its complexified ωz : TC

z DIV × TC
z DIV → C is given by

ωz = i

n∑
j,k=1

gjk(z)dzj ∧ dzk

where
dzj ∧ dzk = dzj ⊗ dzk − dzk ⊗ dzj .

for any z ∈ DIV .

• For simplicity, we choose gjk(z) such that

gjk(z) =
1

2n

∂2

∂zj∂zk
logB(z, z).
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Explicitly,

gjk(z) =
∆(z)(δjk − 2zjzk) + 2(zj − zj(ztz))(zk − zk(ztz))

∆(z)2

and the Kähler form is then

ωz = i

n∑
j,k=1

∆(z)(δjk − 2zjzk) + 2(zj − zj(ztz))(zk − zk(ztz))

∆(z)2
dzj ∧ dzk

where z ∈ DIV and ∆(z) = 1− 2‖z‖2 + |ztz|2.
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Moment Map for the T-action

• H, h: Connected Lie group, Lie algebra.
Assume that H acts smoothly on DIV .

• For every X ∈ h, there is a smooth vector field given by

X]
z =

d

dr

∣∣∣
r=0

exp(rX)z

for every z ∈ DIV .
• If we consider X] as a complex-valued function with component func-

tions given by X] = (f1, · · · , fn), then the corresponding expression
as a complex vector field is given by

X] =

n∑
j=1

(
fj

∂

∂zj
+ f j

∂

∂zj

)
.
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The Kähler form of DIV
Moment Map for the T-action

Definition 1

Let H be a connected Lie group acting smoothly on DIV preserving ω,
i.e. ω(dh(·), dh(·)) = ω(·, ·) where dhz : TzDIV → ThzDIV is the
differential of the action for any h ∈ H at z ∈ DIV . Let h be the Lie
algebra of H and h∗ be its real dual space. A moment map for the
H−action on DIV is a smooth function

µ : DIV → h∗

that satisfies the following properties:
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i. For every X ∈ h, the smooth function

µX : DIV → lR

defined by µX(z) = 〈µ(z), X〉 = µ(z)(X) has Hamiltonian vector
field given by X]. In other word, we have X] = XµX for every
X ∈ h.

ii. For every h ∈ H, we have

µ ◦ h = Ad∗(h) ◦ µ

where Ad is the adjoint representation of H and Ad∗(h) denotes the
transpose transformation of Ad(h)−1.
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Moment Map for the T-action

Observation 1

For every real-valued smooth function f on DIV , the Hamiltonian vector
field associated to f is the smooth vector field Xf that satisfies
df = ω(Xf , ·). Hence, the first condition in the above definition is
equivalent to the requiring that µX satisfies

dµX = ω(X], ·) (1)

If H is an abelian Lie group, then Ad(h) = Idh for every h ∈ H. Thus,
the second condition is equivalent to H−invariance of µ, i.e.

µ ◦ h = µ for all h ∈ H. (2)
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Suppose that DIV ⊆ C2n+1. A maximal torus T of SO(2n+ 1)× SO(2)
is given by T × SO(2) where

T =





(
cos θ1 sin θ1

− sin θ1 cos θ1

)
. . . (

cos θn sin θn
− sin θn cos θn

)
1




The action of T on DIV is given by

(A, θ) · z = eiθAz

where A ∈ T and θ ∈ lR.
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Lemma 1

Suppose that DIV ⊂ CN where N = 2n or 2n+ 1 and X1, · · · , Xn+1 is
the canonical basis of the Lie algebra t of T. Suppose that
fj : DIV → lR where j = 1, · · · , n+ 1 are smooth such that

(i). dfj(z) = ω(X]
j (z), ·),

(ii). fj ◦ h = fj for all h ∈ T and z ∈ DIV ,
where X]

j are the complex vector fields corresponding to Xj . Identifying
t∗ ∼= t then

µ(z) =

n+1∑
j=1

fj(z)Xj

satisfies (1) and (2) above, i.e. µ is a moment map for the T-action on
DIV .
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Let t be the Lie algebra of T. Computing

X]
z =

d

dr

∣∣∣
r=0

exp(rX)z

where X ∈ t, z ∈ DIV and r ∈ lR, then X]
z as a complex vector field is

given by

X]
z =

n∑
j=1

(
θjz2j

∂

∂z2j−1
− θjz2j−1

∂

∂z2j
+ θjz2j

∂

∂z2j−1
− θjz2j−1

∂

∂z2j

)

+

2n+1∑
j=1

(
iθzj

∂

∂zj
− iθzj

∂

∂zj

)
.
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Let {Xj}n+1
j=1 be the canonical basis of t ⊆ so(2n + 1) ⊕ so(2). Then for

j = 1, · · · , n,

X]
j (z) = z2j

∂

∂z2j−1
− z2j−1

∂

∂z2j
+ z2j

∂

∂z2j−1
− z2j−1

∂

∂z2j

and

X]
n+1(z) =

2n+1∑
j=1

(
izj

∂

∂zj
− izj

∂

∂zj

)
.
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Moment Map for the T-action

On the other hand,

ω(X]
j (z), ·) =

2n+1∑
k=1

(−iz2jgk,2j−1(z) + iz2j−1gk,2j(z))dzk

+

2n+1∑
k=1

(iz2jg2j−1,k(z)− iz2j−1g2j,k(z))dzk for j = 1, · · · , n

ω
(
X]
n+1(z), ·

)
=

2n+1∑
k=1

− 2n+1∑
j=1

zjgkj(z)dzk −
2n+1∑
j=1

zjgjk(z)dzk

 .
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Since

dfj =

2n+1∑
k=1

(
∂fj
∂zk

dzk +
∂fj
∂zk

dzk

)
,

the condition dfj(z) = ω(X]
j (z), ·) is equivalent to satisfy for every k =

1, 2, · · · , 2n+ 1 the equations:

∂fj
∂zk

(z) = −iz2jgk,2j−1(z) + iz2j−1gk,2j(z)

∂fj
∂zk

(z) = iz2jg2j−1,k(z)− iz2j−1g2j,k(z)

for j = 1, · · · , n and

∂fn+1

∂zk
(z) = −

2n+1∑
j=1

zjgkj(z)

∂fn+1

∂zk
(z) = −

2n+1∑
j=1

zjgjk(z)dzk
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The Kähler form of DIV
Moment Map for the T-action

Theorem 1

Identifying t with lRn+1, a moment map for the T-action on

DIV =
{
z = (z1, · · · , zn)t ∈ Cn

∣∣∣‖z‖2 < 1 and 1 + |ztz|2 − 2‖z‖2 > 0
}

is the smooth function µ : DIV → lRn+1 given by

µ(z) =
1

∆(z)

n∑
j=1

i(z2j−1z2j − z2j−1z2j)ej +
1

∆(z)
(|ztz|2 − ‖z‖2)en+1

where z ∈ DIV ,∆(z) = 1− 2‖z‖2 + |ztz|2 and {ej}j is the canonical
basis of lRn+1.
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Toeplitz Operators with µSO(2)-symbols

Proposition 2

Let T be the maximal torus of SO(n)× SO(2) and µT : DIV → lRn+1

be the moment map of T for DIV given in Theorem 1. Suppose that H
is a connected subgroup of T. Then a moment map for the H-action on
DIV is given by

µH : DIV → h

µH = ι∗ ◦ µT

where ι∗ is the orthogonal projection lRn+1 → h. In particular, the
SO(2)-action on DIV has a moment map given by

µSO(2) : DIV → lR

µSO(2)(z) =
|ztz|2 − ‖z‖2

1− 2‖z‖2 + |ztz|2
.
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Spectral Integral Formulas

Theorem 2

Suppose that DIV ⊆ Cn where n ≥ 3. Let µSO(2) : DIV → lR be a
moment map for SO(2) on DIV given in the previous proposition. Then
for λ > n− 1, the Toeplitz C∗-algebras Tλ(AµSO(2)

) are commutative.

Proof.

Aµ
SO(2)

⊆ ASO(n)×SO(2).

Then
Tλ(Aµ

SO(2)

) ⊆ Tλ(ASO(n)×SO(2)).
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Spectral Integral Formulas

How to compute the spectral integral formulas for Toeplitz operators with
µSO(2)-symbols?

Since AµSO(2) ⊆ ASO(n)×SO(2), we can use the formula in [DQB18].
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• DIV ⊆ Cn with n ≥ 3.
• We have a decomposition into irreducible SO(n)×SO(2)-submodules

with multiplicity 1

P(Cn) =
⊕

(k1,k2)∈lN2

Vk1,k2 .

• This induces the multiplicity-free isotypic decomposition for the rep-
resentation of SO(n)×SO(2) on the Bergman space H2

λ(DIV ) where
λ > n− 1.

H2
λ(DIV ) =

⊕
(k1,k2)∈lN2

Vk1,k2 .

• If a ∈ ASO(n)×SO(2), the Toeplitz operator Ta : H2
λ(DIV )→ H2

λ(DIV )
when restricts to Vk1,k2 for every (k1, k2) ∈ lN2 is

Ta
∣∣
Vk1,k2

= ck1,k2(Ta)IdVk1,k2
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Furthermore,

ck1,k2(Ta) =
〈Taϕ,ϕ〉λ
〈ϕ,ϕ〉λ

(3)

for every non-zero ϕ ∈ Vk1,k2 and 〈f, g〉λ =
∫
fgdvλ is the inner product

on H2
λ(DIV ).

For each (k1, k2) ∈ lN2, the irreducible SO(n)× SO(2)-submodule Vk1,k2
corresponds with the highest weight vector

pk1,k2(z) = p1(z)k1p2(z)k2 = (z1 − iz2)k1(z2
1 + · · ·+ z2

n)k2

where z = (z1, · · · , zn)t ∈ Cn.
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There is a Jordan algebra associated with the domain DIV given as follows:
• Write lRn = lRe1 ⊕ lRn−1 where e1 = (1, 0, · · · , 0)t ∈ lRn and for

any x = (x1, x2, · · · , xn) ∈ lRn, we write x = x1e1 + x′ where
x′ = (x2, · · · , xn)t ∈ lRn−1.

• (lRe1 ⊕ lRn−1, ◦) is a Jordan algebra with the unit element e1 where

(x1e1 + x′) ◦ (y1e1 + y′) = (x1y1 + x′ · y′)e1 + (x1y
′ + y1x

′)

• Cone of positive elements: x2 = x ◦ x

Ω = {x2|x ∈ lRn}◦

= {x1e1 + x′|x1 > 0, x2
1 − x′ · x′ > 0}

• Order on lRn: x � 0 if x ∈ Ω
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• A root of x: Any y ∈ lRn such that y2 = x.

Proposition 3

For any x = x1e1 + x′ ∈ Ω, there is the unique root denoted by
√
x ∈ Ω

and it is given by

√
x =

√
x1 +

√
x2

1 − x′ · x′
2

e1 +
x′√

2(x1 +
√
x2

1 − x′ · x′)
.
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• The embedding:

E : lRn → Cn, E(x1e1 + x′) = x1e1 + ix′

• (E(lRn), ◦) is a Jordan algebra with the unit e1 and the product is
given by:

(x1e1 + ix′) ◦ (y1e1 + iy′) = (x1y1 + x′ · y′)e1 + i(x1y
′ + y1x

′)

• Cone of positive elements:

Ω̂ = E(Ω) = {x1e1 + ix′|x1 > 0, x2
1 − x′ · x′ > 0}
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• Write Cn = E(lRn) ⊕ iE(lRn), then Cn becomes a complex Jordan
algebra with involution * given by (x + iy)∗ = x − iy with x, y ∈
E(lRn). The product is given by

z ◦ w = (z1w1 − z′ · w′)e1 + (z1w
′ + w1z

′)

where z = z1e1 + z′, w = w1e1 + w′ with z1, w1 ∈ C, z′, w′ ∈ Cn−1.
• (Cn, ◦) is a complex Jordan algebra with the unit e1 associated with

the domain DIV .
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For any (k1, k2) ∈ lN2, We have the non-zero polynomial that belongs to
Vk1,k2 given by

φk1,k2(z) =

∫
L

pk1,k2(gz)dg

where dg is the normalized Haar measure on L and L is the identity com-
ponent of the isotropy subgroup of automorphism of the cone Ω̂ that fixes
the unit e1.
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From Theorem 4.11 in [DQB18], the coefficients ck1,k2(Ta) in (3) for a
SO(n)× SO(2)-invariant symbol a is given by

ck1,k2(Ta) =
〈Taφk1,k2 , φk1,k2〉λ
〈φk1,k2 , φk1,k2〉λ

=

∫
Ω̂∩(e1−Ω̂)

a(
√
x)p1(x)k1p2(x)k2p2(e1 − x)λ−ndx∫

Ω̂∩(e1−Ω̂)
p1(x)k1p2(x)k2p2(e1 − x)λ−ndx

=

∫
Ω∩(e1−Ω)

a(E(
√
x))p1(E(x))k1p2(E(x))k2p2(e1 − E(x))λ−ndx∫

Ω∩(e1−Ω)
p1(E(x))k1p2(E(x))k2p2(e1 − E(x))λ−ndx

where
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x = (x1, x2, · · · , xn)t = x1e1 + x′ ∈ lRn,

dx = dx1dx2 · · · dxn is the Lebesgue measure,
p1(E(x)) = p1(x1e1 + ix′) = x1 + x2,

p2(E(x)) = p2(x1e1 + ix′) = x2
1 − x2

2 + · · · − x2
n = x2

1 − x′ · x′,
p2(e1 − E(x)) = (1− x1)2 − x′ · x′,

E(
√
x) =

√
x1 +

√
x2

1 − x′ · x′
2

e1 +
ix′√

2(x1 +
√
x2

1 − x′ · x′)
,

Ω ∩ (e1 − Ω) = 0 ≺ x ≺ e1

=

{
x1e1 + x′ ∈ lRe1 ⊕ lRn−1

∣∣∣ 0 < x1 < 1√
x′ · x′ < x1 < 1−

√
x′ · x′

}
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Theorem 3

Suppose that DIV ⊆ Cn (n ≥ 3) is given by

DIV =
{
z = (z1, · · · , zn)t ∈ Cn

∣∣∣‖z‖2 < 1 and 1 + |ztz|2 − 2‖z‖2 > 0
}
.

Let f ◦ µSO(2) ∈ AµSO(2)

be a moment map symbol. For every λ > n− 1
and (k1, k2) ∈ lN2, the spectral integral formula for the Toeplitz operator
Tf◦µSO(2) is given by

ck1,k2(Tf◦µSO(2))

=

∫
0≺x≺e1

f
(

x′·x′

‖x‖2−1

)
(x1 + x2)k1(x2

1 − x′ · x′)k2((1− x1)2 − x′ · x′)λ−ndx∫
0≺x≺e1

(x1 + x2)k1(x2
1 − x′ · x′)k2((1− x1)2 − x′ · x′)λ−ndx
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Thank You!

Monyrattanak Seng CIMAT, Guanajuato 39 / 39


	Review and Objective
	Moment Map for the T-action on DIV
	The Kähler form of DIV
	Moment Map for the T-action

	Toeplitz Operators with SO(2)-symbols on DIV
	Toeplitz Operators with SO(2)-symbols
	Spectral Integral Formulas

	
	

