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Areas of Research and Objective

• Bounded symmetric domain: D = G�K ⊂ C
n has genus p.

Example: unit disk, complex unit ball.
• (Weightless) Bergman Space: H2(D) = L2(D, dv) ∩ O(D).

Bergman Kernel: B : D ×D → C.
• Weighted Bergman Space: For λ > p− 1,

H2
λ(D) = L2(D, dvλ) ∩ O(D)

Bergman Kernel: Bλ(z, w) = B(z, w)
λ
p

• Bergman projection:

Pλf(z) =

∫
D
f(w)Bλ(z, w)dvλ(w).
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Areas of Research and Objective
Toeplitz Operators with T-invariant Symbols

Toeplitz Operators with SO(n−1)×SO(2)-invariant Symbols

• Toeplitz Operator: For any a ∈ L∞(D) called symbol, the Toeplitz
operator T (λ)

a : H2
λ(D)→ H2

λ(D) is defined by

T (λ)
a (f) = Pλ(af), f ∈ H2

λ(D)

In particular, for every f ∈ H2
λ(D) and z ∈ D,

T (λ)
a (f)(z) =

∫
D
a(w)f(w)Bλ(z, w)dvλ(w)

Ta is bounded and thus is in B(H2
λ(D)): the set of bounded operators

on H2
λ(D) which is a C∗-algebra.
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Toeplitz Operators with SO(n−1)×SO(2)-invariant Symbols

Interesting C∗-algebras: C∗-algebras generated by Toeplitz operators.

Problem: Find the set of symbol A such that the corresponding Toeplitz
operators {Ta : a ∈ A} generate commutative C∗-algebras.

Two interesting symbols:
• Invariant Symbols: Unit disk, unit ball,· · · , Bounded Symmetric Do-

mains.
• Moment Map Symbols: Unit ball.
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Toeplitz Operators with SO(n−1)×SO(2)-invariant Symbols

The biholomorphism group G on D acts on L∞(D) by (g·f)(z) = f(g−1z)
for any g ∈ G, f ∈ L∞(D) and z ∈ D.
Let H ≤ G. A symbol a is said to be H-invariant if

a ◦ h = a,∀h ∈ H.

• AH : The set of H-invariant symbols.
• Tλ(AH): The C∗-algebra generated by the family of Toeplitz opera-

tors with H-invariant symbols

Known Result: If H = K then Tλ(AK) are commutative.
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Toeplitz Operators with SO(n−1)×SO(2)-invariant Symbols

• Bounded Symmetric Domain of Type IV:

DIV = SOo(n, 2)�SO(n)× SO(2) ⊆ C
n

has genus n.
For every λ > n− 1

Tλ(ASO(n)×SO(2)) are commutative.

Observation: If H ≤ K then AK ⊆ AH . Therefore, for any λ > n− 1,

Tλ(AK) ⊆ Tλ(AH).

Objective: Study Toeplitz operators with T-invariant symbols and with
SO(n− 1)× SO(2)-invariant symbols where T denote a maximal torus of
SO(n)× SO(2).
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Toeplitz Operators with SO(n−1)×SO(2)-invariant Symbols

Contents

1 Toeplitz Operators with T-invariant Symbols
Application of Representation Theory
The C∗-algebras Tλ(AT)

2 Toeplitz Operators with SO(n−1)×SO(2)-invariant
Symbols
The Highest Weight Theorem and Branching Rule
The C∗-algebras Tλ(ASO(n−1)×SO(2))
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Toeplitz Operators with SO(n−1)×SO(2)-invariant Symbols

Application of Representation Theory
The C∗-algebras Tλ(AT)

Toeplitz Operators with T-invariant Symbols
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Toeplitz Operators with SO(n−1)×SO(2)-invariant Symbols

Application of Representation Theory
The C∗-algebras Tλ(AT)

Application of Representation Theory

Let D = G�K have genus p. Suppose that D is circled andK is the isotopy
group fixing 0. The maximal compact subgroup K admits a continuous
unitary representation πλ : K → U(H2

λ(D)) on H2
λ(D) given by

(πλ(k)f)(z) = f(k−1z),∀k ∈ K, f ∈ H2
λ(D), z ∈ D.

Let H be a closed subgroup of K.

Proposition 1

For every λ > p− 1, the algebras Tλ(AH) are commutative if and only if
the unitary representations πλ are multiplicity-free if and only if

H2
λ(D) =

⊕
j∈J

Vj

decomposes into inequivalent irreducible H-submodules Vj .
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Toeplitz Operators with SO(n−1)×SO(2)-invariant Symbols

Application of Representation Theory
The C∗-algebras Tλ(AT)

Proposition 2

Suppose that a bounded symmetric domain D = G�K is circled and K is
the isotropy subgroup fixing 0. Then the set of polynomial in H2

λ(D) is
dense and πλ-invariant in H2

λ(D). In addition, the isotypic decomposition
of H2

λ(D) and of P(Cn) coincide as K-modules.

We use the domain DIV with the realization given by

DIV =
{
z = (z1, · · · , zn)t ∈ Cn

∣∣∣‖z‖2 < 1 and 1 + |ztz|2 − 2‖z‖2 > 0
}

= SO0(n, 2)�SO(n)× SO(2)
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Toeplitz Operators with SO(n−1)×SO(2)-invariant Symbols

Application of Representation Theory
The C∗-algebras Tλ(AT)

The C∗-algebras Tλ(AT)

The action of SO(N)×SO(2) on the N -dimensional domain DIV is given
by

(A, θ)z = eiθAz

where A ∈ SO(N),

(
cos θ sin θ
− sin θ cos θ

)
∈ SO(2) with θ ∈ lR and z ∈ DIV .

A maximal torus of SO(N) × SO(2) is T = T × SO(2) where T is a
maximal torus of SO(N) such that any element in T is in the following
form:
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Toeplitz Operators with SO(n−1)×SO(2)-invariant Symbols

Application of Representation Theory
The C∗-algebras Tλ(AT)

For N = 2n+ 1,

(
cos θ1 sin θ1
− sin θ1 cos θ1

)
. . . (

cos θn sin θn
− sin θn cos θn

)
1


For N = 2n,

(
cos θ1 sin θ1
− sin θ1 cos θ1

)
. . . (

cos θn sin θn
− sin θn cos θn

)

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Application of Representation Theory
The C∗-algebras Tλ(AT)

Proposition 3

Let D ⊂ Cn be a bounded symmetric domain and H be a compact group
acting linearly on Cn preserving D. Let T : Cn → Cn be a linear
isomorphism and Φ : H → T−1HT, h 7→ T−1hT . Define:

ϕ : P(Cn)→ P(Cn)

p(z) 7→ p(T−1z)

where p(z) is a complex n-variables polynomial. Then ϕ is an
isomorphism and it is Φ-equivariant; that is, ϕ(hp(z)) = Φ(h)ϕ(p(z)) for
all h ∈ H, p(z) ∈ P(Cn), i.e. the following diagram commutes.

In particular, V ⊆ P(Cn) is an
H-(irreducible) module if and only
if ϕ(V ) is an T−1HT -(irreducible)
module.
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Toeplitz Operators with SO(n−1)×SO(2)-invariant Symbols

Application of Representation Theory
The C∗-algebras Tλ(AT)

For N = 2n, the Lie algebra of SO(2n) and its complexification are given
as below.

so(2n) =
{
X ∈ gl2n(lR)|Xt = −X

}
=

{
X =

(
A B
−Bt C

) ∣∣∣A,C ∈ so(n), B ∈ glk(lR)

}
,

so(C2n) =
{
X ∈ gl2n(C)|Xt = −X

}
.

For N = 2n + 1, the Lie algebra of SO(2n + 1) and its complexification
are given as below.

so(2n+ 1) =
{
X ∈ gl2n+1(lR)|Xt = −X

}
=

X =

 A B η
−Bt C γ
−ηt −γt 0

∣∣∣∣∣ A,C ∈ so(n), B ∈ gln(lR),
η, γ ∈Mk×1(lR)

 ,

so(C2n+1) =
{
X ∈ gl2n+1(C)|Xt = −X

}
.
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Toeplitz Operators with SO(n−1)×SO(2)-invariant Symbols

Application of Representation Theory
The C∗-algebras Tλ(AT)

We use the matrices of change of coordinates as below:

Pn =
1√
2

(
In In
−iIn iIn

)
for N = 2n

Qn =

(
Pn 0
0 1

)
for N = 2n+ 1.

We denote Sn =

(
0 In
In 0

)
and Sn,1 =

(
Sn 0
0 1

)
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Application of Representation Theory
The C∗-algebras Tλ(AT)

For N = 2n,

so(2n, Sn) =

{
Y =

(
E F
F E

)
∈ gl2n(C)

∣∣∣E ∈ u(n), F ∈ so(Cn)

}
so(C2n, Sn) =

{
Y ∈ gl2n(C)|Y tSn = −SnY,Tr(Y ) = 0

}
.

For N = 2n+ 1,

so(C2n+1, Sn,1) =
{
Y ∈ gl2n+1(C)|Y tSn,1 = −Sn,1Y,Tr(Y ) = 0

}
,

so(2n+ 1, Sn,1) =

Y =

 E F ξ
F E ν
−νt −ξt 0

∣∣∣∣∣ E ∈ u(n), F ∈ so(Cn),
ξ, ν ∈Mn×1(C)

 .
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Toeplitz Operators with SO(n−1)×SO(2)-invariant Symbols

Application of Representation Theory
The C∗-algebras Tλ(AT)

The maximal abelian subalgebra of so(2n, Sn):

t0,Sn = {d(ϑ) = diag(iϑ1, · · · , iϑn,−iϑ1, · · · ,−iϑn)|ϑ1, · · · , ϑn ∈ lR}.

The maximal torus of SO(2n, Sn):

TSn = {diag(eiϑ1 , eiϑ2 , · · · , eiϑn , e−iϑ1 , e−iϑ2 , · · · , e−iϑn)|ϑ1, · · · , ϑn ∈ lR}

The maximal abelian subalgebra of so(2n+ 1, Sn,1):

t0,Sn,1 = {d(ϑ, 0) = diag(iϑ1, · · · , iϑn,−iϑ1, · · · ,−iϑn, 0)|ϑ1, · · · , ϑn ∈ lR}.

The maximal torus of SO(2n+ 1, Sn,1):

TSn,1 = {diag(eiϑ1 , eiϑ2 , · · · , eiϑn , e−iϑ1 , e−iϑ2 , · · · , e−iϑn , 1)|ϑ1, · · · , ϑn ∈ lR}
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Toeplitz Operators with SO(n−1)×SO(2)-invariant Symbols

Application of Representation Theory
The C∗-algebras Tλ(AT)

Theorem 1

Suppose that N ≥ 3 and DIV ⊆ CN where N = 2n or 2n+ 1. With
respect to the w-coordinates, i.e. with respect to the matrices of change
of coordinates Pn and Qn above, the decomposition of P(CN ) into
T-submodules where T is a maximal torus of SO(N)× SO(2) is given by

P(CN ) =
⊕
α∈lNN

Cwα

and it decomposes with higher multiplicity. In particular, the Toeplitz
C∗-algebras Tλ(AT) where λ > N − 1 are not commutative.
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Toeplitz Operators with SO(n−1)×SO(2)-invariant Symbols

Application of Representation Theory
The C∗-algebras Tλ(AT)

Proof: Computing the character of the representations.

The action ofT on the monomial wα where α = (α1, α2, · · · , α2n) ∈ lN2n:

πλ((t, s))wα =
(
(t, s)−1 · w

)α
= s−|α|

n∏
j=1

t
αn+j−αj
j wα.

The character: χα,n(t, s) = s−|α|
∏n
j=1 t

αn+j−αj
j .

The action of T on the monomial wα where α = (α1, α2, · · · , α2n+1) ∈
lN2n+1:

πλ((t, s))wα =
(
(t, s)−1 · w

)α
= s−|α|

n∏
j=1

t
αn+j−αj
j wα.

The character: χα,n(t, s) = s−|α|
∏n
j=1 t

αn+j−αj
j .
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Toeplitz Operators with T-invariant Symbols

Toeplitz Operators with SO(n−1)×SO(2)-invariant Symbols

The Highest Weight Theorem and Branching Rule
The C∗-algebras Tλ(ASO(n−1)×SO(2))

Toeplitz Operators with SO(n− 1)×SO(2)-invariant Symbols
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Areas of Research and Objective
Toeplitz Operators with T-invariant Symbols

Toeplitz Operators with SO(n−1)×SO(2)-invariant Symbols

The Highest Weight Theorem and Branching Rule
The C∗-algebras Tλ(ASO(n−1)×SO(2))

The Highest Weight Theorem and Branching Rule

Definition 1

Let h be a Cartan subalgebra of a semisimple Lie algebra g and α be an
element of the dual h∗. Let ϕ be a representation of g on a complex
vector space V . We define

Vα := {v ∈ V |ϕ(x)v = α(x)v,∀x ∈ h}.

When Vα 6= 0, we call α a weight of the representation ϕ of g with
respects to the Cartan subalgebra h and call Vα a weight space. Members
of Vα are called weight vectors. For the adjoint representation, we have

gα = {v ∈ V |[x, v] = α(x)v,∀x ∈ h}.

A weight, weight space and weight vector for the adjoint representation
of g are respectively called a root, root space and root vector.
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Areas of Research and Objective
Toeplitz Operators with T-invariant Symbols

Toeplitz Operators with SO(n−1)×SO(2)-invariant Symbols

The Highest Weight Theorem and Branching Rule
The C∗-algebras Tλ(ASO(n−1)×SO(2))

The complex Lie algebra:

g = so(C2n+1) := {X ∈ gl2n+1(C)|Xt +X = 0}.

The Cartan subalgebra t of g: Any element B ∈ t is a block diagonal
matrix such that

B =


B1

. . .
Bn

0


where

Bj =

(
0 ibj
−ibj 0

)
, bj ∈ C.

For any j = 1, 2, · · · , n we define ej : t→ C such that ej(B) = bj .
Collection of roots: Φ = {±(ej ± ek),±el|1 ≤ j < k ≤ n, 1 ≤ l ≤ n}.
For g = so(C2n): Φ = {±(ej ± ek)|1 ≤ j < k ≤ n}.
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Areas of Research and Objective
Toeplitz Operators with T-invariant Symbols

Toeplitz Operators with SO(n−1)×SO(2)-invariant Symbols

The Highest Weight Theorem and Branching Rule
The C∗-algebras Tλ(ASO(n−1)×SO(2))

Theorem of the highest weight (ideas and constructions):
(g, h): Lie algebra-Cartan subalgebra pair.

• Define an order on h∗ → positive roots Φ+ → simple roots ∆.
• Define bilinear form on h∗ × h∗ → algebraically integral, dominant.

For algebra:{
(g, h)

ϕ : irreducible representation of g

}
�

{
The highest weight λ ∈ h∗

dominant algebraically integral

}

For group:{
(G,T )→ (g0, t0)→ (g, t)

ρ : irreducible representation of G

}
�

{
The highest weight λ ∈ t∗

dominant analytically integral

}
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Areas of Research and Objective
Toeplitz Operators with T-invariant Symbols

Toeplitz Operators with SO(n−1)×SO(2)-invariant Symbols

The Highest Weight Theorem and Branching Rule
The C∗-algebras Tλ(ASO(n−1)×SO(2))

Proposition 4

For SO(2n+ 1), the irreducible representations correspond to the

highest weights of the form
n∑
j=1

ajej such that

a1 ≥ · · · ≥ an ≥ 0.

For SO(2n), the irreducible representations correspond to the

highest weights of the form
n∑
j=1

ajej such that

a1 ≥ · · · ≥ an−1 ≥ |an|.

Note:
For so(C2n+1) : ∆ = {e1 − e2, e2 − e3, · · · , en−1 − en, en}.
For so(C2n) : ∆ = {e1 − e2, e2 − e3, · · · , en−1 − en, en−1 + en}.
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Areas of Research and Objective
Toeplitz Operators with T-invariant Symbols

Toeplitz Operators with SO(n−1)×SO(2)-invariant Symbols

The Highest Weight Theorem and Branching Rule
The C∗-algebras Tλ(ASO(n−1)×SO(2))

Example: G = SO(N), g0 = so(N), g = so(CN ).

V := P(CN ) =

∞⊕
m=0

Pm(CN )

where Pm(CN ) is the subspace of homogeneous polynomials of degree m.
The highest weight of Pm(CN ) (related to the usual positive system) is
me1.
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Toeplitz Operators with T-invariant Symbols

Toeplitz Operators with SO(n−1)×SO(2)-invariant Symbols

The Highest Weight Theorem and Branching Rule
The C∗-algebras Tλ(ASO(n−1)×SO(2))

Branching Rules: Rules for decomposing the restriction of an irreducible
representation into irreducible representations of the subgroup.
V is irreducible G-module, H ≤ G.

V
Branching Rule−−−−−−−−−→ V =

⊕
j

Vj , where Vj is irre. H-submodule

Embedding:

SO(n− 1) ↪→ SO(n)

M 7→
(
M 0
0 1

)

Monyrattanak Seng CIMAT, Guanajuato 26 / 34



Areas of Research and Objective
Toeplitz Operators with T-invariant Symbols

Toeplitz Operators with SO(n−1)×SO(2)-invariant Symbols

The Highest Weight Theorem and Branching Rule
The C∗-algebras Tλ(ASO(n−1)×SO(2))

Branching Rules: Rules for decomposing the restriction of an irreducible
representation into irreducible representations of the subgroup.
V is irreducible G-module, H ≤ G.

V
Branching Rule−−−−−−−−−→ V =

⊕
j

Vj , where Vj is irre. H-submodule

Embedding:

SO(n− 1) ↪→ SO(n)

M 7→
(
M 0
0 1

)

Monyrattanak Seng CIMAT, Guanajuato 26 / 34



Areas of Research and Objective
Toeplitz Operators with T-invariant Symbols

Toeplitz Operators with SO(n−1)×SO(2)-invariant Symbols

The Highest Weight Theorem and Branching Rule
The C∗-algebras Tλ(ASO(n−1)×SO(2))

Proposition 5 (Murnaghan)

i. For SO(2n+ 1), the irreducible representation with highest weight
a1e1 + · · ·+ anen decomposes with multiplicity 1 under SO(2n),
and the representations of SO(2n) that appear are exactly those
with highest weight c1e1 + · · ·+ cnen such that

a1 ≥ c1 ≥ a2 ≥ c2 ≥ · · · ≥ an−1 ≥ cn−1 ≥ an ≥ |cn|.

ii. For SO(2n), the irreducible representation with highest weight
a1e1 + · · ·+ anen decomposes with multiplicity 1 under SO(2n− 1),
and the representations of SO(2n− 1) that appear are exactly those
with highest weight c1e1 + · · ·+ cn−1en−1 such that

a1 ≥ c1 ≥ a2 ≥ c2 ≥ · · · ≥ an−1 ≥ cn−1 ≥ |an|.
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Toeplitz Operators with SO(n−1)×SO(2)-invariant Symbols

The Highest Weight Theorem and Branching Rule
The C∗-algebras Tλ(ASO(n−1)×SO(2))

The C∗-algebras Tλ(ASO(n−1)×SO(2))

Suppose thatDIV ⊆ Cn and λ > n−1. Then the C∗-algebras Tλ(ASO(n)×SO(2))
are commutative.

Proposition 6 (Johnson)

The space P(Cn) can be decomposed into irreducible
SO(n)× SO(2)-submodules with multiplicities 1. More precisely,

P(Cn) =
⊕

(k1,k2)∈lN2

Vk1,k2

where Vk1,k2 is a subspace of Pm(Cn) of homogeneous polynomials of
degree m = k1 + 2k2, is an irreducible SO(n)× SO(2)-submodule that
occurs with multiplicity 1.
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Toeplitz Operators with SO(n−1)×SO(2)-invariant Symbols

The Highest Weight Theorem and Branching Rule
The C∗-algebras Tλ(ASO(n−1)×SO(2))

Observation: For any (k1, k2) ∈ lN2,
• The representation of SO(2) on Vk1,k2 corresponds to the character
t 7→ t−(k1+2k2) where t ∈ SO(2) ∼= T.

• The representation of SO(n) on Vk1,k2 corresponds to the highest
weight k1e1 where e1 defined as before. Thus,

Vk1,k2
∼= Vk1e1 as SO(n)-modules

• From the Branching rule SO(n) ↓ SO(n− 1), we have

Vk1e1 =

k1⊕
c1=0

Vc1e1

where Vc1e1 is the irreducible SO(n − 1)-submodule corresponds to
the highest weight c1e1.
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Toeplitz Operators with T-invariant Symbols

Toeplitz Operators with SO(n−1)×SO(2)-invariant Symbols

The Highest Weight Theorem and Branching Rule
The C∗-algebras Tλ(ASO(n−1)×SO(2))

Theorem 2

Suppose that DIV ⊆ Cn with n ≥ 3. The decomposition of P(Cn) into
irreducible SO(n− 1)× SO(2)-submodules is given by

P(Cn) =
⊕

(k1,k2)∈lN2

k1⊕
c1=0

V c1k1,k2

such that some V c1k1,k2 appear more than once. In particular, the
representation has higher multiplicity and thus the Toeplitz C∗-algebras
Tλ(ASO(n−1)×SO(2)) are not commutative.

Proof:
V 1
1,2
∼= V 1

3,1 as SO(n− 1)× SO(2)-submodules.
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